In this paper, a robust optimization strategy is developed to handle the uncertainties for domestic electric water heater load scheduling. At first, the uncertain parameters, including hot water demand and ambient temperature, are described as the intervals, and are further divided into different robust levels in order to control the degree of the conservatism. Based on this, traditional load scheduling problem is rebuilt by bringing the intervals and robust levels into the constraints, and are thus transformed into the equivalent deterministic optimization problem, which can be solved by existing tools. Simulation results demonstrate that the schedules obtained under different robust levels are of complete robustness. Furthermore, in order to offer users the most optimal robust level, the trade-off between the electricity bill and conservatism degree are also discussed.
Introduction
With the emergence of smart grids and the increase of electricity demand, home energy management system (HEMS) is attracting increasing attention as an important part of demand side of management. HEMS is able to improve the implementation of the distributed energy resource and shift the demand to off-peak periods [1] . At present, monetary incentives are the major driving force for residential consumers to participate in household load management. Flexible pricing schemes, such as critical peak pricing (CPP), time-of-use (TOU), and real-time pricing (RTP), are designed by utilities to encourage users to actively respond to demand side management [2, 3] .
Responding to the various pricing schemes, load scheduling plays an essential role in HEMS [4, 5] , which optimizes working schedules for household appliances to reduce the electricity bill and improves the power consumption efficiency while satisfying the consumers' comfort constraints [6] . Domestic electric water heaters (DEWH) are considered as well suited for demand side management, because of their high nominal power ratings combined with large thermal buffer capacities [7] .
In addition, DEWH load accounts for a considerable share of the whole household load. In USA and Japan, DEWH load contributes as much as 17% and 27% to the total household electrical energy consumption [8, 9] . Therefore, the scheduling strategies for DEWH load are vital for HEMS to help consumers to automatically obtain optimal DEWH load schedules. With such background, several valuable works have been done on DEWH load scheduling.
There are rich scheduling algorithms that are aimed to minimize the electricity payment under different rate structures, and various strategies for DEWH scheduling have been studied extensively. In [10] , three consumer strategies were studied to schedule DEWHs under dynamic pricing, including timed power interruption, price-sensitive thermostat, and double period setback timer. Furthermore, a series of scenarios with different set points of water temperature in tank (between 120 and 140 • F)
The Domestic Electric Water Heaters (DEWH) Load Scheduling Problem
The DEWH load scheduling problem has been summarized into a mathematical programming problem, of which the objective is to minimize the consumers' electricity bill under flexible tariff structure and the constraints are about device limits and thermal comfort [18] [19] [20] [21] . The scheduling problem is built on the thermal dynamic model of a DEWH, which describes the process of the heating and coasting of water in the tank. Figure 1 shows the water temperature curve in a DEWH tank.
As shown in Figure 1 , there are two operation states for a DEWH, being "switch on" state and "standby" state. When the water temperature in tank drops to the lower threshold, then the water heater is switched on to recover the water temperature into comfort zone; when the water temperature in tank reaches the upper threshold, the water heater becomes standby. The thermal dynamic model is used to describe the behavior of a DEWH [11] . When only the standby heat loss is considered, there is θ n+1 = θ e,n + X n QR − (θ e,n + X n QR − θ n ) exp[−(t n+1 − t n )/(RC)]
(1)
where θ n denotes the temperature of hot water in tank at the time t n ; θ e,n denotes the ambient temperature/cold water inlet temperature at the time t n ; X n represents the on/off state of DEWH over period [t n , t n+1 ] (1-on; 0-off ); and, the constants Q, R and C are equivalent thermal parameters, which represent the electric water heater capacity, thermal resistance, and thermal capacitance, respectively. Moreover, when the hot water demand is considered, Equation (1) is modified as
where  cur is just the
is the water demand at the time n t , and M is the mass of water in the tank. Combining the two equations, one united expression is given to simplify the thermal model as follows:
Equation (3) calculates the water temperature in tank in each step straightforwardly. It lays the foundation for the DEWH load scheduling. The detail proof process refers to Appendix A.
However, this temperature-driven running mode might be not cost-efficient under the flexible pricing schemes. The time-varying electricity price enable the DEWH load to operate more flexibly and cost-efficiently, motivating the DEWH to preheat the water in tank in the low electricity price periods and reduce the load in the peak-price periods [7] .
So, when considering the time-varying prices, the DEWH load scheduling is modeled as follows. The objective function is to minimize the next 24-h total electricity expense and the constraints limit the water temperature under the consumers' setting zone. The states of the DEWH are the decision variables in the model, which should be solved for consumers as guiding schedules for the following day. Mathematically, the DEWH load scheduling can be formulated as [12] : Moreover, when the hot water demand is considered, Equation (1) is modified as
where θ cur is just the θ n+1 calculated in (1), d n is the water demand at the time t n , and M is the mass of water in the tank. Combining the two equations, one united expression is given to simplify the thermal model as follows:
So, when considering the time-varying prices, the DEWH load scheduling is modeled as follows. The objective function is to minimize the next 24-h total electricity expense and the constraints limit the water temperature under the consumers' setting zone. The states of the DEWH are the decision variables in the model, which should be solved for consumers as guiding schedules for the following day. Mathematically, the DEWH load scheduling can be formulated as [12] :
where N is the number of all the time steps over the scheduling horizon and P r denotes the rated power of DEWH; p n represents the time-varying prices in the nth time step. Hence, the DEWH load scheduling problem can be summarized into a linear optimization problem, the optimal solution of the problem is exactly the DEWH load schedule that the consumers require.
DEWH Load Scheduling under Different Robust Levels

The Bounded Uncertainties of the Hot Water Demand and Ambient Temperature
In the aforementioned scheduling problem, the purpose of the DEWH is to maximize the economic benefits, and meanwhile keep the hot water temperature profiles within the comfort zones. While due to the randomness in the environment and human behaviors, the parameters in the DEWH load scheduling problem, such as the ambient temperature and the hot water demand, which cannot be predicted precisely. The uncertain parameters may lead to the violations on comfort zones and ineffectiveness of the original optimal schedule. Therefore, the impact of diverse levels of uncertain water demand and ambient temperature on hot water temperature in tank should be discussed in detail.
According to the analysis in Reference [16, 22] , it is reasonable to describe the uncertainties of the hot water demand and ambient temperature with uncertain-but-bounded parameters whose boundaries are always based on predicted values. The two uncertain-but-bounded parameters, water demand and ambient temperature, can be expressed as intervals by introducing two auxiliary parameters. Moreover, to control the degree of conservatism of the uncertain parameters, one pair of robust level indicators are predefined to divide the uncertainties of water demand and ambient temperature into different grades, which indicates the consumers' optimistic degree for the predicted uncertain-but-bounded parameters in household load scheduling. Given this background, the intervals under different levels of the uncertain water demand in nth time step is described as:
Similarly, the intervals under different levels of the uncertain ambient temperature in nth time step is described as:
where a d and a θ are the auxiliary parameters for intervals of water demand and ambient temperature respectively, making the uncertain parameters ranged in the intervals. Accordingly, Γ d and Γ θ represent the robust levels for the two uncertain parameters. If the robust levels are equal to 0, it means that consumers are very confident and optimistic about the predicted values. In such situation, the intervals are compressed into real numbers and the uncertain parameters lose the uncertain characteristic, if the robust levels are equal to N d and N θ , then it means that consumers are completely distrustful and pessimistic about the predicted values. In this case, the range of intervals reaches the maximum. When the robust levels are set between zero and maximum, diverse intervals under different levels of the uncertainties are created.
In view of the analysis in Section 2, Equation (3) is the thermal dynamic model of a DEWH with deterministic parameters. If the uncertainties as shown in Equations (7) and (10) are considered, it is modified as:
Equation (13) is the dynamic temperature model with bounded uncertainties, showing that the water temperature in tank will fluctuate in a certain range under uncertain-but-bounded water demand and ambient temperature. Its uncertain level is influenced by the robust levels Γ d and Γ θ .
The Scheduling Problem under Different Robust Levels
To improve the flexibility of energy production and consumption, various time-varying pricing mechanisms are implemented around the world. In this paper, RTP price is considered as the time-varying pricing mechanism used in the analysis, as its retail electric prices update frequently to take the variations in the cost of the power supply into account [23] .
When considering the uncertainties, the optimization problem of DEWH load scheduling is still to minimize the electricity bill but subjects to comfort constraints with different robust levels. Therefore, the scheduling problem can be rebuilt as follow:
As the hot water temperature in tank in each step is involved with the uncertain auxiliary parameters a d and a θ , the optimization problem formulated by (14) (15) (16) , obviously, could not be solved directly. To address this uncertain optimization problem, it is necessary to obtain the bounds of uncertain hot water temperature in tank. Hence, there is
The hot water temperature fluctuates in its interval, while the auxiliary parameters change. In order to figure out the constraints with uncertainties, the boundaries of the interval should be calculated. Appendix B fortunately indicates that
With such background, the constraint (15) could be transformed into
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Besides, to make this optimization problem solvable, Equation (19) , which is an uncertain inequality constraint, is transformed into two deterministic constraints, which is given by
Based on the above analysis, the optimization problem of DEWH load scheduling with different robust levels could be formulated as integer linear programming, of which the objective function is shown in Equation (4) and the constraints are the Equations (7)- (13), (16) and (20) .
So far, the optimization problem has been transformed to an integer linear programming problem, and many existing methods, tools, and commercial software are available to obtain the optimal solution. Among the abundant methods, the heuristic-based evolutionary algorithm like particle swarm optimization (PSO) [21] , model predictive method [24] , and commercial software CPLEX (Version 12.6.3.0, IBM, New York, USA, 2016) [25] and MOSEK(Version 7.1.0.63, ApS, Copenhagen, Denmark, 2016) [26] are some of the representative ones. Especially, IBM ILOG CPLEX ® Optimizer is used in this paper to solve the problem considering its strong capability.
Simulation Results
In this paper, a day-ahead DEWH load scheduling (from 0 a.m. to 12 p.m.) is considered. The length of each time step, ∆t, is set as 15 min. Chosen from the 2012 American Society of Heating, Refrigerating, and Air-Conditioning Engineers (ASHRAE,) Hand-book [27], the specific parameters in the thermal dynamic model of DEWH are listed in Table 1 . The daily real-time prices are assumed to be known. The RTP values refer to [16] , as shown in Figure 2 . Table 1 . Parameters of the domestic electric water heaters (DEWH). 
Based on the above analysis, the optimization problem of DEWH load scheduling with different robust levels could be formulated as integer linear programming, of which the objective function is shown in Equation (4) and the constraints are the Equations (7)- (13), (16) , and (20) .
In this paper, a day-ahead DEWH load scheduling (from 0 a.m. to 12 p.m.) is considered. The length of each time step, Δt, is set as 15 min. Chosen from the 2012 American Society of Heating, Refrigerating, and Air-Conditioning Engineers (ASHRAE,) Hand-book [27], the specific parameters in the thermal dynamic model of DEWH are listed in Table 1 . The daily real-time prices are assumed to be known. The RTP values refer to [16] , as shown in Figure 2 . Table 1 . Parameters of the domestic electric water heaters (DEWH). As mentioned above, the uncertain water demand and ambient temperature are transformed into intervals, and the consumers quantify the optimistic degree of the uncertainties by means of setting Appl. Sci. 2017, 7, 1136 7 of 15 the robust levels Γ d and Γ θ . In this paper, the forecast maximum intervals of hot water demand and ambient temperature for the next day are plotted in Figure 3 , respectively, referring to [23] . As for the maximum values of robust levels, N d and N θ are both assigned as ten, which denotes that the uncertainties of water demand and ambient temperature are divided into 10 different levels. At the same time, we should think over the deterministic situation where one of the robust levels is equal to zero or both of them are zero. Therefore, the number of the robust level pairs (Γ d ,Γ θ ) is 11 times 11, being 121 in total. Appl 
As mentioned above, the uncertain water demand and ambient temperature are transformed into intervals, and the consumers quantify the optimistic degree of the uncertainties by means of setting the robust levels  d and   . In this paper, the forecast maximum intervals of hot water demand and ambient temperature for the next day are plotted in Figure 3 , respectively, referring to [23] . As for the maximum values of robust levels, d N and  N are both assigned as ten, which denotes that the uncertainties of water demand and ambient temperature are divided into 10 different levels.
At the same time, we should think over the deterministic situation where one of the robust levels is equal to zero or both of them are zero. Therefore, the number of the robust level pairs (  d ,   ) is 11 times 11, being 121 in total. 
The Sscheduling Problem under Different Robust Levels
When consumers believe that the forecast values are highly convincing so that the uncertainties can be ignored, the robust level pair takes the value of (0, 0). Thus, the water demand and ambient temperature lose the characteristic of uncertainty and become real numbers. In this case, the optimal schedule is deemed to be solved without uncertainties, called "deterministic schedule" for convenience. However, in practice, the uncertainties of hot water demand and ambient temperature actually give rise to huge fluctuations of the water temperature in tank, so it is possible that the huge fluctuations may make the water temperature out of the threshold when applying the deterministic schedule.
Therefore, it is necessary to make a sensitivity analysis to figure out the influence of these uncertainties. As stated in Section 3.1, the robust parameters somehow indicate the different uncertainty levels of the parameters, therefore that are used here to generate the various scenarios that are used to verify the deterministic schedule. Specifically, the robust parameters are both set from zero to ten, creating 121 scenarios of different water demand and ambient temperature values. While still applying the deterministic schedule, the actual hot water temperatures in the 121 scenarios are shown in Figure 4 .
In Figure 4 , the red line represents the upper boundary of the actual water temperature in tank. However, the 121 different sorts of blue lines represent different lower boundaries, while robust level pairs are set from (0, 0) to (10, 10) . Specially, the special line colored black is exactly the lower boundary of water temperature under the highest level of uncertainties, where the values of two robust levels both are 10. As shown in Figure 4 , from 8 a.m. to 12 p.m., most blue lines are lower than the consumers' lower threshold line, which means that the thermal comfort constraints are violated. This fact demonstrates that the deterministic schedule cannot satisfy the consumers' thermal comfort requirement under most levels of uncertainties and in most times of a day. The minimum water temperature is down to 48.53 • C, and the difference between the minimum value and the threshold reaches 6.47 • C. Such a great temperature deviation is unacceptable for common people. Appl. Sci. 2017 , 7, 1136 8 of 15
In Figure 4 , the red line represents the upper boundary of the actual water temperature in tank. However, the 121 different sorts of blue lines represent different lower boundaries, while robust level pairs are set from (0, 0) to (10, 10) . Specially, the special line colored black is exactly the lower boundary of water temperature under the highest level of uncertainties, where the values of two robust levels both are 10. As shown in Figure 4 , from 8 a.m. to 12 p.m., most blue lines are lower than the consumers' lower threshold line, which means that the thermal comfort constraints are violated. This fact demonstrates that the deterministic schedule cannot satisfy the consumers' thermal comfort requirement under most levels of uncertainties and in most times of a day. The minimum water temperature is down to 48.53 °C , and the difference between the minimum value and the threshold reaches 6.47 °C . Such a great temperature deviation is unacceptable for common people. To evaluate the degrees of the violation of the constraints under crossed impact of the two parameters, average differences of water temperature between the lower boundaries and threshold are shown in Figure 5 . Obviously, with the uncertainty levels of the two parameters increasing, the average temperature difference rises more and more seriously. Also, it is easy to find that the robust level,  d , brings much more dangerous degree of violation than the robust level   . That is To evaluate the degrees of the violation of the constraints under crossed impact of the two parameters, average differences of water temperature between the lower boundaries and threshold are shown in Figure 5 . Obviously, with the uncertainty levels of the two parameters increasing, the average temperature difference rises more and more seriously. Also, it is easy to find that the robust level, Γ d , brings much more dangerous degree of violation than the robust level Γ θ . That is to say, Appl. Sci. 2017, 7, 1136 9 of 15 the hot water demand will create more negative drop on the water temperature than the ambient temperature. In one word, the aforementioned the DEWH load scheduling model with different robust levels is indispensable for the consumers to obtain robust solutions. Appl. Sci. 2017 , 7, 1136 9 of 15 to say, the hot water demand will create more negative drop on the water temperature than the ambient temperature. In one word, the aforementioned the DEWH load scheduling model with different robust levels is indispensable for the consumers to obtain robust solutions. 
Robust Schedules with Different Robust Levels
In this part, the load schedules with different robust levels and the corresponding electricity payment are presented. Figure 6 . It can be seen that all of the typical schemes strictly satisfy the users' comfort constraints under corresponding uncertain levels. It demonstrates the great robustness of the schemes while facing different levels of uncertainties. As the uncertain levels increasing, the interval of hot water temperature becomes wider. 
In this part, the load schedules with different robust levels and the corresponding electricity payment are presented. The various robust schemes are solved by CPLEX under difference levels of uncertainties. Six typical robust schemes, where the robust level pairs (Γ d ,Γ θ ) are set as (0, 0), (2, 2), (2, 8), (8, 2), (8, 8), and (10, 10), respectively, are extracted from the 121 robust schemes as representatives and are shown in Figure 6 . It can be seen that all of the typical schemes strictly satisfy the users' comfort constraints under corresponding uncertain levels. It demonstrates the great robustness of the schemes while facing different levels of uncertainties. As the uncertain levels increasing, the interval of hot water temperature becomes wider. Appl. Sci. 2017 , 7, 1136 9 of 15 to say, the hot water demand will create more negative drop on the water temperature than the ambient temperature. In one word, the aforementioned the DEWH load scheduling model with different robust levels is indispensable for the consumers to obtain robust solutions. 
In this part, the load schedules with different robust levels and the corresponding electricity payment are presented. Figure 6 . It can be seen that all of the typical schemes strictly satisfy the users' comfort constraints under corresponding uncertain levels. It demonstrates the great robustness of the schemes while facing different levels of uncertainties. As the uncertain levels increasing, the interval of hot water temperature becomes wider. Observing the six schemes in Figure 6 and the RTP prices in Figure 1 , the schemes indeed pre-heat the water during the period that the RTP prices are generally low and shut down the DEWH when the prices are extremely high. When compared with the six schemes, it can be found that the working periods with high level of uncertainties are much longer to maintain the temperature in the comfort zone. Figure 7 gives the values of electricity bill under different robust levels settings. As shown in Figure 7 , to meet the constraints under higher level of uncertainties, the users have to pay more. It proof that the users can also gain the completely robust and comfortable schemes at the cost of higher electricity bill. Appl. Sci. 2017 , 7, 1136 10 of 15
Observing the six schemes in Figure 6 and the RTP prices in Figure 1 , the schemes indeed preheat the water during the period that the RTP prices are generally low and shut down the DEWH when the prices are extremely high. When compared with the six schemes, it can be found that the working periods with high level of uncertainties are much longer to maintain the temperature in the comfort zone. Figure 7 gives the values of electricity bill under different robust levels settings. As shown in Figure 7 , to meet the constraints under higher level of uncertainties, the users have to pay more. It proof that the users can also gain the completely robust and comfortable schemes at the cost of higher electricity bill. 
The Trade-off Between the Conservatism of Uncertainties and the Economy
From the above analysis, it is obvious that the bill for consumers will be expensive when they are willing to cover high degree of conservatism of uncertainties. Consequently, acquiring one robust schedule that has not only the best economy, but also the highest level of robustness is a troublesome problem. First of all, to tackle this problem, we predefine two types of scenarios: scenario A is taking the conservatism of only one of the uncertain parameters into account, while scenario B considers the conservatism of both uncertain parameters.
In scenario A, the marginal effect indexes (MEI) for the robust level  d and   are defined in
Equations (21) and (22), respectively, reflecting the average incremental cost per level of the single uncertain parameter (the water demand or ambient temperature). When calculating the MEI for one robust level, the other robust level should be assumed as a constant. The marginal effect index bars for the robust level  d and   are plotted in Figure 8 .
By means of the MEI, consumers can choose a trade-off robust schedule that contains the most conservatism at the lowest cost when one of the robust level is clear. For example, assuming that the robust level  d is clearly equal to be nine, but the other robust level   may be any integer in the interval [5, 8] . This assumption is possible, meaning that consumers have complete confidence in the 9th level of uncertainty of the hot water demand, and have hesitation between 5th and 8th level of the uncertainty of ambient temperature. Form the red bars shown in Figure 8b , the MEI has the lowest value when   is equal to 6, indicating that it is the best balance between the conservatism of 
The Trade-Off Between the Conservatism of Uncertainties and the Economy
In scenario A, the marginal effect indexes (MEI) for the robust level Γ d and Γ θ are defined in Equations (21) and (22), respectively, reflecting the average incremental cost per level of the single uncertain parameter (the water demand or ambient temperature). When calculating the MEI for one robust level, the other robust level should be assumed as a constant. The marginal effect index bars for the robust level Γ d and Γ θ are plotted in Figure 8 .
By means of the MEI, consumers can choose a trade-off robust schedule that contains the most conservatism at the lowest cost when one of the robust level is clear. For example, assuming that the robust level Γ d is clearly equal to be nine, but the other robust level Γ θ may be any integer in the interval [5, 8] . This assumption is possible, meaning that consumers have complete confidence in the 9th level of uncertainty of the hot water demand, and have hesitation between 5th and 8th level of the uncertainty of ambient temperature. Form the red bars shown in Figure 8b , the MEI has the lowest value when Γ θ is equal to 6, indicating that it is the best balance between the conservatism of ambient temperature and the economy. Therefore, the robust schedules under the robust parameter pair (6, 9) is recommended to consumers. Appl. Sci. 2017 , 7, 1136 11 of 15 ambient temperature and the economy. Therefore, the robust schedules under the robust parameter pair (6, 9) is recommended to consumers. Similarly, the joint effect index (JEI) is defined in Equation (23) Similarly, the joint effect index (JEI) is defined in Equation (23) to handle the Scenario B. Differing from the single robust level situation in the Scenario A, the root mean square (RMS) of the two robust levels Γ d and Γ θ stands for the per level of the joint impact caused by two uncertain parameters. Just like the MEI, the joint effect index plotted in Figure 9 offers the consumers the most balanced schedule as well. Due to the change of the two robust levels, the bars are only colored for the height of the bars. Appl. Sci. 2017 , 7, 1136 12 of 15
Just like the MEI, the joint effect index plotted in Figure 9 offers the consumers the most balanced schedule as well. Due to the change of the two robust levels, the bars are only colored for the height of the bars. 
Taking another instance for demonstration, we assume that the two robust level  d and   are a integer which is ranged in the interval [6, 8] . The black frame in Figure 9 boxes the area where the consumers are not sure about both of the two robust parameters from 6th to 8th level. In this area, the robust level pair (7, 8) has the lowest value and should be offered for consumers.
Conclusions
This paper proposes a robust optimization strategy for domestic electric water load scheduling to tackle the uncertainties in the hot water demand and ambient temperature. Specifically, this paper adopts the interval numbers to describe the uncertainties and divided the uncertainties into different robust levels in order to control the degree of the conservatism. By bringing the intervals and robust levels into the constraints, the optimization problem is rebuilt to consider the parameter uncertainties. Furthermore, for easy solving, the constraints that contain the uncertainties are transformed into equivalent deterministic ones. A sensitivity analysis is developed, showing that the infeasibility of the deterministic schedule under various levels of uncertainties.
Simulation results verify that the consumers can obtain various completely robust schemes, which strictly meet the constraints under different levels of uncertainties. Meanwhile, this paper defines the marginal effect index (MEI) and joint effect index (JEI) to evaluate the trade-off between the electricity bill and conservatism of uncertainties. The simulation results indicate that, with the help of the MEI and JEI, the optimal schedule that covers the highest degree of conservatism at the lowest cost is recommended to users. 
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Taking another instance for demonstration, we assume that the two robust level Γ d and Γ θ are a integer which is ranged in the interval [6, 8] . The black frame in Figure 9 boxes the area where the consumers are not sure about both of the two robust parameters from 6th to 8th level. In this area, the robust level pair (7, 8) has the lowest value and should be offered for consumers.
Conclusions
Simulation results verify that the consumers can obtain various completely robust schemes, which strictly meet the constraints under different levels of uncertainties. Meanwhile, this paper defines the marginal effect index (MEI) and joint effect index (JEI) to evaluate the trade-off between the electricity bill and conservatism of uncertainties. The simulation results indicate that, with the help of the MEI and JEI, the optimal schedule that covers the highest degree of conservatism at the lowest cost is recommended to users.
The proposed robust optimization strategy can be used in home energy management system (HEMS) to help consumers to arrange the DEWH load while facing the uncertainties. Also, it could be applied to more appliances in the future. Moreover, this paper only deals with day-ahead scheduling. The real-time scheduling using the proposed method remains to be studied.
